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Abstract. We derive some Hodge integral identities by taking various limits 
of the Marino- Vafa formula using the cut-and-join equation. These identities 
include the formula of general A 9 -integrals, the formula of A 3 _i-integrals on 
Mg^i, the formula of cubic A integrals on Ai g , and the ELSV formula relating 
Hurwitz numbers and Hodge integrals. In particular, our proof of the MV 
formula by the cut-and-join equation leads to a new and simple proof of the 
X g conjecture. We also present a proof of the ELSV formula completely parallel 
to our proof of the Marino- Vafa formula. 



1. Introduction 

Based on duality between Gromov-Witten theory on Calabi-Yau threefolds and 
Chern-Simons gauge theory on three manifolds, Marino and Vafa conjectured a 
closed formula on certain Hodge integrals in terms of representations of symmetric 
groups. In the authors of the present paper proved the Marino- Vafa formula 

by showing that both sides of the formula satisfy the same differential equation (the 
cut-and-join equation) and have the same initial values. For a different approach 
see H2]. 

The first goal of this note is to explain close relationships between the MV 
formula and the ELSV formula relating Hurwitz numbers H g fl to Hodge integrals: 



+ f AV(1) 



Aut(/i)i 11 Mi i Jm„, iw n-L M i } (i - 1***) ' 

The ELSV formula was first derived by Ekedahl, Lando, Shapiro, Vainshtein £Q. By 
the Burnside formula, Hurwitz numbers are related to representations of symmetric 
groups, hence so is the Hodge integral on the right hand side of 0. In this paper, 
we will present a proof of the ELSV formula completely parallel to our proof of 
the MV formula ^3 , and compare this proof with proofs given in jS] and ^] 
Section 7]. We will also explain how to obtain the ELSV formula by taking a 
particular limit of the MV formula, so the ELSV formula can also be viewed as an 
immediate corollary of the MV formula. 

The second goal of this note is to show that the following formula of A g -integrals 
can be easily derived from the MV formula and the cut-and-join equation. 
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where ki + ■ ■ ■ + k n = 2g — 3 + n, and Bi g are Bernoulli numbers. Let 

1, .9 = 0, 



f 1, .9 = 0, 

( 3 ) h 9 = { r ,/, 2 s-2 



Formula also follows from 

() -sin(V2)" 1 + g % 2 2 ^ (2g)l t 

proved in [2], and the A g -conjecture 



a- 



The A ff -conjecture (JHJ) was found in 4. as a consequence of the degree Virasoro 
conjecture of P 1 and was first proved in Later the Virasoro conjecture was 
proved for projective spaces [7] and curves JSI; both cases include P 1 as a special 
case. 

Our proof of the MV formula by the cut-and-join equation relies only on the 
formula (@J of b g (A s -integrals on A4 9t i), so we obtain a new and simple proof of 
the X g conjecture. Moreover, the ELSV formula and the formula J5J of A s -integrals 
are just two particular limits of the MV formula. On the other hand, another 
proof of the MV formula by bilinear localization equations |T5| relies on the ELSV 
formula and the formula of general A g -integrals. 

Finally, we will show that the following identities of Hodge integrals proved in 
P] are also easy consequences of the Marino- Vafa formula and the cut-and-join 
equation. 

1 \B 2g -2\ \B 2g \ 
u 2(2 5 -2)! 2. g -2 2g ' 



(6) /_ A g _ 2 A 9 _iA 9 = 



(7) / VL = jyi_! V (2^-1)1(2^-1)1 

9l,S2>0 

The rest of this paper is organized as follows. In Section [5J we derive some 
identities from the Mumford's relations which will be used in later derivations. 
In Section [21 we recall the precise statements of the MV formula and the ELSV 
formula, and establish the relationships between them described above. In Section 
01 we derive the formula (J2J of general A s -integrals from the MV formula and the 
cut-and-join equation. In Sectional we derive © and from the MV formula 
and the cut-and-join equation. In Appendix A, we recall some well known facts 
about Bernoulli numbers. 
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2. PRELIMINARIES 

2.1. Mumford's relations. Let E be the Hodge bundle over M a . n , and let A,; = 
Ci(E). Define 

c t (E) = A*(f) = £(-1)%^. 

Then we have 

c_ t (E)= Ct (E v ) = (-t)^(i). 
Mumford's relations are given by: 

(8) c t (E)c_ t (E) = 1. 
Equivalently, 

(9) A^(t)A^(-t) = (-l)^. 

2.2. Some consequences. From the following well-known relation between New- 
ton polynomials and elementary symmetric polynomials (cf. e.g. |15p: 

.fc-i _ ^n( - *) 



k>l 

we get: 



(io) ^ ni * n_1 ch «( E ) = = ct^y-t^- 



n>l 

It can be rewritten as 



J2 n!* n_1 ch„(E) = ^ iAi(-t)*- 1 ^ A,-* 1 '. 

n>l t=l j=0 

Hence chfe(E) = for k > 2g, and 

(11) n!ch„(E) = £ ; 1;' '<A,A ; . 

i+j=n 

It is not hard to see that 

(12) ch 2r „(E) = 0, 

(13) (2 5 -l)!ch 29 _!(E) = (-l^A^A,, 

(14) (2. 9 -3)!ch 2g _ 3 (E) = (-lJ'-^Aj-aAj-Aj-iAa-a). 
We will need the following results: 

Lemma 2.1. 

(15) A^(l)(Ap'(-l) = {-ly-'g + W(-l)*- 1 ch fe (E), 



k>l 

(A^(1)A^(t)A^(-t - 1)) = -A 9 _! + . 9 A 9 



9 v.-V"fl V /"9 

T=0 



-A^A^-l^ch^E) 



fc>l 
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In particular the degree 3g — 3 part of the left-hand side of f 16|) is 
Proof. 

A^(l)(A^y(-l) = A^(l)^(-iy( 5 -i)t^- 1 A i | t =_i 

3=0 

9 9 

= ^(i) £ Xj + a^(i) • (-i)» £ 

3=0 3=0 

= (-ly-'g + (-I) 9 Yl ^(-l) fc_1 ch fe (E). 



fe>l 



rf7 



(A-(l)A g v (r)A g v (-r-l)) 



T = 



fir 



T=0 



A g v (r).A^(-l) + A^(l)A^(0)- - 



A^(-r-l) 



T = 



= -A s -i - (-l)»A ff AV(l)(AV)'(-l) 

= -A s _ 1 +. 9 A s -A s ^fc!(-l) fe - 1 ch fc (E) 



fc>i 



□ 



3. Marino- Vafa Formula and ELSV Formula 

In this section, we will explain close relationships between the Marino- Vafa for- 
mula and the ELSV formula. 

In Section 1X11 we recall the precise statement of the MV formula. In Section 
13.21 we describe our proof of the MV formula |13U14| by the cut-and-join equation. 
In Section l3~3l we recall the ELSV formula relating Hurwitz numbers and Hodge 
integrals. In Section 13.41 we describe a proof of the ELSV formula completely 
parallel to the proof of the MV formula described in Section l3~2l In Scction l3~5l we 
will see that a particular limit of the geometric and combinatorial sides of the MV 
formula are the ELSV and Burnside formulas of Hurwitz numbers, respectively. 

Both the MV formula and the ELSV formula relate the geometry of moduli 
spaces of Riemann surfaces encoded in Hodge integrals to combinatorics of the 
representations of symmetric groups, and hence to the theories of affine Kac-Moody 
Lie algebras and symmetric functions. 

3.1. Marino- Vafa formula. The Marino- Vafa formula reads 
(17) C(X;t;p) = R(X;t; P ) 

where C(X;r;p) is a generating function of Hodge integrals, and R(X;r;p) is a 
generating function of representations of symmetric group. 
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We first give the precise definition of C(X;r;p), the geometric side of the MV 
formula. For every partition fi = (pi > • • • > fJ>iui\ > 0), define 



/_ 



|Aut( M )| L v ;J A! (^-1)! 
AV(l)AV(-r-l)AV(r) 



9>0 

Note that 

AV(l) A v(-r-l)A v (r) 



for > 3, and we use this expression to extend the definition to the case < 3. 
Introduce formal variables p — (pi,P2, ■ ■ ■ ,Pn, ■ ■ ■), and define 

for a partition \i = [p,\ > • • • > > 0). Define the following generating series 

C{\;r;p) = E C m(<^ t W- 

We next give the precise definition of R(X;t;p), the combinatorial side of the 
MV formula. For a partition /x, denote by \p. the character of the irreducible 
representation of S\^\ indexed by /i, and by C(ji) the conjugacy class of Si^i indexed 
by /i. Define: 

xrtw- TT sin ~ + b - a)X/2] 
" l J " 11 , , sin[(6- a )A/2] 

l<a<6<H(/i) LV ' ' J 



n-L1na i 2sin[( W - l + /( A1 ))A/2]' 
This has an interpretation in terms of quantum dimension Let q = e x . Then 

h a) v(\\ = - = - _ dim i R » 

n a6M (2Binh((/i(a:)A/2)) U^(Q h ^ 2 ~ Q~ h ^ 2 ) W ' 

Define 

R(X;r;p) 



log ( E E ^^eV^(^)-V 2K(A) | ^ 



E 1 ^E E n E ^e^MM^( A ) 

n>l |U \Uf =1 /i i =Aii=l |i/*|=|ft*| M 
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3.2. Proof of Marino- Vafa formula by cut-and-join equation. We briefly 
describe the proof given in |13l IT4*| . 

The combinatorial side R(X; r;p) of the MV formula satisfies the follow cut-and- 
join equation: 

, nn , dT ^=TA^/.. d 2 T .. dT dT .. .. dT 
<9t 2 V opidpj dp, dpj dp i+j 

By functorial localization calculations on moduli spaces Aigfiffi 1 , /i) of relative 
stable maps, the geometric side C(A; r;p) of the MV formula also satisfies the cut- 
and-join equation pHJl. 

Any solution T(A; r;p) to the cut-and-join equation (|20|l is uniquely determined 
by its initial value T(A; 0;p), so the result follows from 

C ( A; °^ = -g^in7^ = ^ A;0; ^ 

where the first equality follows from Q and the second equality can be verified by 
combinatorics. 

3.3. ELSV formula. Given a partition /j, of length l(fi), denote by H g M the Hur- 
witz numbers of almost simple Hurwitz covers of P 1 of ramification type fi by 
connected genus g Riemann surfaces. The ELSV formula ^ |S] states: 

H g ^ = (2g-2 + \ f i\+l(n)y.I g ^ 

where 

i r W 



/ = i TT^- 

I Ant(,,M J-l //,! 



iAut( M )i i = i ^ ^ flM n!S(i-^)' 

Define generating functions 

^2 9 -2+|ju|-HO) 

(2 ff -2+H+Z(/i))!' 



<?>o 

$(A;p) = J] ^(AK, 

* M (A) = ^T^A 2 ^ 2 ^™, 
<?>o 

*(A;p) = 

In terms of generating functions, the ELSV formula reads 
(21) *(A;p) = $(A;p). 

3.4. Proof of ELSV formula by cut-and-join equation. It was shown in |SJE1 
that <E>(A;p) satisfies the following cut-and-join equation: 

<98 1 / d 2 Q de 99 , . 99 

<9A 2 ^ V <>/',<>., opj ''/<, . , 

Later ()22|) was reproved by sum formula of symplectic Gromov-Witten invariants 

P2HH3]. 
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The calculations in Section 7 and Appendix A of ^1] shows that 
(23) H g ^ = (2g-2 + \n\ + l(f,))U g<fl 



F 9 , M = (2 fl -3+|/x|+Z( M ))! Yl E W/ 9 -!,„ 

(24) 

§1+92=9 u^-Li^eCip) 

where 

J[A1 s ,o(PV)] vir 

is some relative Gromov-Witten invariant of (P^oo), and C(/i), J(p), ii, I2, 13 are 
defined as in So we have 

(2g - 2 + + l(n))I gtli 

= E I 9^+ Y h{v)Ig-l, 1J + Y E I 3(^ 1 ^ 2 ) I 9l^l I 92^2i 

u£J(jj) »EC(/i) 91+92=9 i^ 1 U^ 2 6C(m) 

which is equivalent to the statement that the generating function ^(A;^) of I g ^ 
also satisfies the cut-and-join equation (|2"2"|) . 

Any solution 0(A;p) to the cut-and-join equation H22|) is uniquely determined 
by its initial value 0(O;p), so it remains to show that ^(0;p) = <I>(0;p). Note that 
2g — 2 + + l(fi) = if and only if g = and /1 = (1), so 

*(0;p) = ff ,(i)Pi, *(0;p) = / ,(i)Pi- 
It is easy to see that -ffo,(i) = ^0,(1) = L s ° 

#(0;p) = $(0;p). 

One can see geometrically that the relative Gromov-Witten invariant H gfjL is 
equal to the Hurwitz number H g4l . This together with (|23|) gives a proof of the 
ELSV formula presented in ^] Section 7] in the spirit of |S]. Note that H g ^ = H g4l 
is not used in the proof described above. 

3.5. ELSV formula as limit of Marino- Vafa formula. By the Burnside for- 
mula, one easily gets the following expression (see e.g. |2"U]): 



$(A;p) = log ( £ Y, 



E^E E LT E ^e-.«« P „ 

n>l A 1 U" =1 ^i=^i i=l 1^1=1^1 ^ l 



The ELSV formula reads 

*(A;p) = <i>(A;p) 

where the left hand side is a generating function of Hodge integrals I g . p , and the 
right hand side is a generating function of representations of symmetric groups. So 
the ELSV formula and the MV formula are of the same type. 
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Actually, the ELSV formula can be obtained by taking a particular limit of the 
MV formula C(X;r;p) — R(X;r;p). More precisely, it is straightforward to check 
that 

lim C(At; -; (Ar)pi, (Ar) 2 p 2 , ■ ■ •) 

r— *0 T 

oo 

= ^ x ^ 29 ~ 2+H+ ' (M)/ ^ A29 ~ 2+H+ ' ( ' 1)p >- 1 

MjLO 9=0 



and 



lim R{Xt; -; (Xr)pi, (Ar) 2 p 2 , • • •) 

r^O T 



log fe ( E «e^to(tHvJ J 
V f \M=N " ' / / 



where we have used 



dim R v 



In this limit, the cut-and-join equation l|20|) of C(X;r;p) and R(X;r;p) reduces 
to the cut-and-join equation ill' 21 of \I>(A;p) and <I>(A;p), respectively. 

4. Marino- Vafa Formula and A s -Integrals 



The X g conjecture 0J|2] states 

. ./,*» \ - / 

fei , . . . , fcjj 



(25) /_ ^■■■<^ a =(l 9 + n J)b g 



where 



( 26 ) fe 9 = S r ,/,2s-2- ' 



The values of fe g are given by 

f27) Vfc t 2 g _ */2 =1 + y^ 2 2 9~ 1 - 1 \B 2g \ 2g 

where -B2 ff are Bernoulli numbers. The A g -conjecture (12-lti and the formula i|26|l of 
b g give the following explicit formula of A 9 -integrals: 

(28) /_ ^..•^A s -^ + "- 3 ^ 229 " 1 - 1 ^ 



Ma 



h,...,k n J 2 2 a~ 1 (2g)\ 



In this section, we will show that the formula H28[) of A g -integrals can be extracted 
from the Marino- Vafa formula, using the cut-and-join equation. Our proof of MV 
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formula relies only on the formula 1|27J) of b g (A g integrals on M. g> \), so we obtain 
a new and simple proof of the A g -conjecture. 



4.1. A reformulation of (12 8|) . We begin with the following reformulation. 
Lemma 4.1. The formula Hffi) of \ g -integrals is equivalent to 



Ey2g f ^9 _ m-3 d\/2 

,>„ iM 9 ,„nr=i(l-M^) sin(dA/2) : 



(29) 2> 9 /- ,7 — =d 



/or aZ/ partitions of d. 
Proof. The left-hand side of (21 is 

g>o 



n » n 

e n^7- A *iw 



9>0 feiH hfc„=2g-3+n i=l J A^ g ,„ j=1 

By (I43[) in Appendix A the right-hand side is 

• 9>1 E 4 fei=2 S -3+ni=l \ ' ' / V yy 

The Lemma is proved by comparing the coefficients. □ 

4.2. Extracting (12 8[) from the Marino- Vafa formula. The following result 
has been proved in 120] by the cut-and-join equation. 

Theorem 4.2. Write R(X;t;p) — J2 t _ t R^(^ T )P^- Then one has 
(30) v v ' ' '' ' i=i Hi 



1 fr (Hi — 1)' ll 3 -™iW 

— (r(r + l))KM)-ill n «-i (i + M . r) ^H+KM) K ^ ' ' 



=^(/*)-3 . 



dA/2 



sin(dA/2) 

By the MV formula, the left-hand side of is equal to 

AV(1)AV(0)AV(-1) _ _ /■ A„ 



^ A 2 S /- A 9 v (l)A g v (0)A g v (-l) ^ A2g /• 



Therefore, we have established (|2"§)) hence proved the formula lf2"%f of A g integrals. 
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5. Derivation of Some Other Hodge Integral Identities 



In this section we show how to derive from the Marino- Vafa formula and the 
cut-and-join equation the following formulas proved in 2 by different methods: 

Ag-2A 3 -iA g - 



(31) 
(32) 



\B 2 g-2\ \B 2 g\ 



2(2g-2)\ 2g~2 2g 



A 



9-1 



& *eH e 



(2 gl -l)!(2 g2 -l)! , 
i 2 ^ (25-1)! 5192 

= 1 91+32=3 V 3 ; 

9l,92>0 



5.1. The derivative. We begin with the following special case of the Marino- Vafa 
formula: 

AV(l)AV(-r-l)AV(r) A (d-l)\ 



(33) Y, X29 L 

g> J M g ,l 

Lemma 5.1. 



1 - dipi 



T d+1 YltXidr + a) 



(34) 



d 



i+j=d,i^j 



Ssin(iA/2)sin(jA/2)' 



-R(d)(A;r). 



Proof. This is an easy consequence of the cut-and-join equation: 



d_ 



■R(d)(A;r) 



1A 



]T (t jiZ (i j) (A; 0) + (A; 0)i? 0) (A; 0)) 



i+j=d 



-1A 



E 



ri+l 



2 " J 2i sin(iA/2) 2j sin(j'A/2) 



E 



T d+1 A 



. + - d 8sin(iA/2)sm(iA/2)- 



□ 



Corollary 5.1. We have 



(35) 



E A29 

d-l 



dr 



| T=0 (AV(l)AV( T )AV(- r -l)) 



1 - rf^i 



1 d\/2 



E 



^ a dsin(dA/2) .•^-^ 8sin(zA/2) sia(j'A/2) ' 

Proof. Take derivative in r and set r = on both sides of equation 1(33(1 . By 134(1 

we get 



£a 2 * 

A 



7T d+1 dr 



1 - dVi 
(d-l)l 

r=o nf=i( dr +«) 



1 dA/2 



d-l 

^ a dsin(dX/2) 



E 

i+j—d 



x 2 



X 



~l d + l dr 



R(d)(Mr) 



T=Q 



Ssin(iA/2)sin(jA/2)' 
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□ 

Now the left-hand side of 134(1 is a polynomial in d hence so must be the right- 
hand side. If we find explicit expressions for the right-hand side, then by comparing 
the coefficients, we get Hodge integral identities. This is how we prove (|31|l and 

5.2. The right-hand side. We have 

d\/2 



2^ a dsm(d\/2)~ 2^ a 2^°9 a 

a=l v ' ' a=l g>0 



hence the coefficient of A 29 is 

(36) -E^-M 29 " 

a=l 

This cancels with a similar term from the second term on the right-hand side of 
We also have 

V t 

^ d 8sin(a/2)sin(jA/2) 



E E MiA)^ • £ 6 *c?' A ) 

i+j=d J 9l >0 ff 2 >0 



2g 2 



- ^E A25 E E i2 "'- x ? fn l - 

g>0 31+32=3 i+j=d 
By (14511 in the Appendix we have for g%, gi > 0, and g\ + 92 = g, 



i-\-j—d i—1 
252-1 /„ lX d-1 

■2 gi +2g 2 -2-k 



= E(-i)^- 1 -*( 2 %~Ve 

k=0 ^ ' i=l 



2t? - 1 - k 



l-k-l 



292-1 /„ \ 2g-2-k 1 , 

It is easy to see that the coefficient of d in F gi g2 (d) receives contribution only from 
the term with k — and I — 2g — 2, hence it is 

The coefficient of d 29 ^ 1 in F gi} g 2 (d) receives contributions from terms with / = 0, 
hence it is given by: 

^ (-l)^-l-k / 2 „ _in 
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We can deal with the case of g\ — or g 2 = in the same fashion. 



i-\-j=d 4—1 
!fl-l /0 ,n d-1 



fc=0 ' 7 t=l 



2g-l-k 



2g-2 , . 2g-fc / d-1 

e (-d 29 - 1 " r; ) rffc e v.l/ ^ 1 -^ + ^ e 7 



2g-l-fc 

fc=o ;=o y \ / \ / i=1 

The coefficient of d in Fo } g(d) or F g ,t)(d) is 

-B 2 g-%. 

The coefficient of gP 9-1 in Fo )5 (d) or F 9y0 (d) is given by: 

^ ( _ 1)2fl -i- fc /2 5 - 1\ = 2 ^ (-1)* (2g 1 

^2 5 -i-fc^ fc y 2^ 

5.3. Proof of ()31|l . By Lemma |2~T1 the coefficient of dX 2g of the left-hand side of 
SI is: 



(37) {-If- 1 [_ i; 1 \ g \ g ^ 1 \ g - 2 = (-iy- 1 (2g-2) f_ XgXg^Xg^. 
JM g ,i Jm cj 

By the above discussions, the coefficient of dX 29 on the right-hand side of 135(1 is 



-B 2g -2 



2^ °9i°92- „ ' „ ,„ 



2 ^ S1S2 2 2o (2o-2)! 

91+92=9 W V » ^ 

Comparing with (|37jl we get 

_ (-l) g g 2g - 2 \B 2g \ 1 
H f WlVj " 2(2. 9 -2) ' 2g {2g - 2)\ 

This is exactly (|3"T|) . 

5.4. Proof of dH2J|. The coefficient of d 2g - l X 2a on the left-hand side of (33J) is 

' 2 s-i \ . - _ f V 1 



Vi = - /_ i ./„ • 

Mg.l JMg,l 1 ~ Vl 

By the above discussions, it is equal to 

9 2^ i { i + 2 2^ W» 2^ 2g-l-k \ k 

i=l V 7 gi+92=9 fe=0 3 

9l,92>0 

Hence (|3*2"|) is proved by the following 
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Lemma 5.2. 



2 ^ (-l)^-i-fr ( 2 g 2 1\ (2 ffl -l)!(2 g2 -l)! 
^ 2g-l-k \ k ) (2 5 -l)! 



Proof. Let 



Then we have 



z— 1 x 7 z— 1 



/-(.) - eWPtV- ""^'"' -!:'' 1 -"' 

<=i V J x ^=0 

ce we have 

«/(*) - ^(-ija^-i-* ^2 - A , T 2 9 - 2 - fc = x 2 9l -i (1 _ ^-i 

itegrations by parts: 
(-1)232-1-/= / 252 _ ^ 



Similarly, let 



fe=0 

Then we have 

2 S 2-1 



k=0 

Hence we have by integrations by parts: 

2 9 2-l 

^ 2g-\-k V fc 



= f g'{x)dx = f x^-^l-xf^dx 
Jo Jo 

2 5i Jo 

= (2g2-l)(2. 92 -2) )ifl ., 

2 51 (2. 91 + i) y v ; 



(2 52 - 1)! (2 ffl - l)!(2«fc - 1)! 



2 S i(2 ff i + l)---(2 fl i + 2.92-1) (2fl-l)! 



Appendix A. Bernoulli numbers 



□ 



In this Appendix we recall some well known facts about Bernoulli numbers. 
These numbers are defined by the following series expansion: 



< 38 » 



m=0 
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The first few terms are given by 

1 1 

Bo = 1, B\ — — -, £>2 — g, B3 — 0. 

For odd m > 1, B m — 0, and for even m, the sign of Bin is (— 
Lemma A.l. For m > 0, 

777 / >. 

(39) E( m D^ = 0- 

Proof. Multiply both sides of l|38(l by e*. The left-hand side becomes 

t t _ t _ i m 

e* — 1 e* — 1 z -— ' m! ' 

m— 

the right-hand side becomes 

00 ^ m 00 ^ n 00 m jm 

5Z Sm ^i'ii^T = ee s < 

m— 

Hence for m > 1, we have 



to! ^— ' n\ ^— ' ^— ' k ~kl(m — k)\ 

771=0 77 = 777 = fc = 



R m R 

m _ \ ^ "A 

m! ' /c!(to — k)\ 

fc=o v ; 

(I39[) follows easily. 
Lemma A. 2. 

(401 _JJ2_ 1 - 2"- 1 Brn_ 

K ' sinh(t/2) ^ 2™" 1 m! ' 

v ' ' m=0 

(41) 2 COth(</2) = E B2 "f2^V- 

77 = ^ 

Proof. These can be proved by easy algebraic manipulations as follows. 

Vg = ^_ e t/2 = o t/2 t_ 

sinh(>/2) e* - 1 e*/ 2 - 1 e* - 1 



^ to! ^ to! ^ 2™- 1 to! 

m=0 777=0 rn—0 



7T7 , m 



i , , . . t e* + 1 1 i ^ t : 



(2n)! 

77=0 V ' 



Corollary A.l. 



% 1 ~ 2 1 ~ 2 J _ (1 - 2n)i? 2 » 

^ (2i)! 21 ' (2j)! 2j (2n)! ' 



( 42 ) 2. B *i- 7KK< B 

i+j 
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Proof. Apply the operator t4r on both sides of 



dt 

I l / + /O \ 2 _?EL +2n 

— coth ■ 



t f m v_yp _j: 



2 2 V sinh (V2)/ ^ (2n-l)!' 
Hence 

i/2 \ 2 i , t ~ i 2 " ~ , t 2 



= 2 COth 2 - E B2 «72^T)! = Ed - 2 ™) B ^ 



sinh(i/2)y 2 2 ^ z "(2n-l)! ^ v ; zn (2n)!' 

From this (|42|l easily follows. □ 

By changing t to \/— Ti, one gets from (|40|) by recalling B^n — (— l)" _1 |-B2ni: 

r^l V 2 _■■ , y 2 2 ^-l|i? 2g | 

1 j sin(i/2) L + ^ 2^ (2s)!* ' 

And (|42|l becomes 

r 44 ) v a 2 *- 1 -!^^- 1 -!^ _ 1^1 1 
S1 i= 9 2291-1 (25l)! 2292-1 (2 - 92)! 25 (25 " 2)! 

Finally recall for any positive integer m, 

An + A 

d— 1 ml 7 I 

(45) y i m = y v J B k <r +i - k . 



m + 1 

»=1 fc=0 
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